Abstract. We study the representation theory of the superconformal algebra W k (g, f θ ) associated to a minimal gradation of g. Here, g is a simple finite-dimensional Lie superalgebra with a non-degenerate even supersymmetric invariant bilinear form. Thus, W k (g, f θ ) can be the Virasoro algebra, the Bershadsky-Polyakov algebra, the Neveu-Schwarz algebra, the BershadskyKnizhnik algebras, the N = 2 superconformal algebra, the N = 4 superconformal algebra, the N = 3 superconformal algebra, the big N = 4 superconformal algebra, and so on. The conjecture of V. Kac, S.-S. Roan and M. Wakimoto for W k (g, f θ ) is proved. In fact, we show that any irreducible highest weight character of W k (g, f θ ) at any level k ∈ C is determined by the corresponding irreducible highest weight character of the Kac-Moody affinization of g.
Introduction
In this paper we study the representation theory of the vertex algebra W k (g, f θ ) associated to a minimal gradation of g, introduced by V. Kac, S.-S. Roan, and M. Wakimoto [12] . Here, g is a simple finite-dimensional Lie superalgebra with a nondegenerate even supersymmetric invariant bilinear form, f θ is the lowest root vector of g and the level k ∈ C is arbitrary. Thus, W k (g, f θ ) can be the Virasoro algebra, the Bershadsky-Polyakov algebra [3] , the Neveu-Schwarz algebra, the BershadskyKnizhnik algebras [4] , the N = 2 superconformal algebra, the N = 4 superconformal algebra, the N = 3 superconformal algebra, the big N = 4 superconformal algebra, and so on, as listed in [12] . Their construction of W k (g, f θ ) is a generalization of the works [6, 7] of B. Feigin and E. Frenkel on W-algebras.
Let g be the Kac-Moody affinization of g. In this paper we show that the representation theory of W k (g, f θ ) is actually controlled by g in the following sense.
Let O k be the Bernstein-Gelfand-Gelfand category of g at the level k. As in the case of the theory of B. Feigin and E. Frenkel [6, 7] , the construction of [12] gives a family of functors V H i (V ) depending on i ∈ Z, from O k to the category of W k (g, f θ )-modules. Here, H
• (V ) is the BRST cohomology of the corresponding quantum reduction.
Main Theorem 1 (Theorem 8.2.1).
We have H i (V ) = {0} (i = 0) for any V ∈ ObjO k .
The above result says in particular that the correspondence V H 0 (V ) defines an exact functor from O k to the category of W k (g, f θ )-modules, defining a map between characters. Every irreducible highest weight module of W k (g, f θ ) is isomorphic to H 0 (L(λ)) for some λ. Hence, it follows that any irreducible highest weight character of W k (g, f θ ) is determined by the character of the corresponding irreducible g-module L(λ).
Our results in particular prove the conjecture of V. Kac, S.-S. Roan and M. Wakimoto [12] on the irreducibility of H 0 (L(λ)) for an admissible g-module L(λ). Also, Main Theorem 2 agrees with their computation of the Euler-Poincaré character of H
• (L(λ)).
The proofs of the above results are based on the author's previous works [1, 2] , which proved the conjecture of E. Frenkel, V. Kac and M. Wakimoto [9] on the existence of the minimal series representations of the W-algebras defined by B.
Feigin and E. Frenkel [6, 7] . This paper is organized as follows. In Section 2, we collect the necessary information about the affine Lie superalgebra g. In Section 3, we recall the definition of the BRST complex constructed by V. Kac, S.-S. Roan, and M. Wakimoto [12] . As explained in [12] , their main idea in generalizing the construction of B. Feigin and E. Frenkel [6, 7] was to add the "neutral free superfermions", whose definition is recalled in the begging of this section. Although the W-algebra W k (g, f ) can be defined for an arbitrary even nilpotent element f , the assumption f = f θ simplifies the theory in many ways. This is also the case when all the interesting superconformal algebras appear, as explained in [12] . In section 4, we derive some basic but important facts about the BRST cohomology under the assumption f = f θ . In Section 5, we recall the definition of W-algebra W k (g, f ) and the collect necessary information about its structure. In Section 6, we recall the parameterization of irreducible highest weight representations of W k (g, f θ ). We also state the important vanishing theorem (Theorem 6.4.1) which easily follows from a result of V. Kac and M. Wakimoto [14] . The main results in Section 7 are Theorem 7.17.1 and Theorem 7.18.1. To prove them we compute the BRST cohomology H
• (M (λ) * ) associated to the dual of the Verma module M (λ) using a spectral sequence. The argument used here is a modified version of [1] , where we proved the vanishing of cohomology associated to the original quantum reduction of B. Feigin and E. Frenkel [6, 7, 9] . Finally, in Section 8, we prove Main Theorems.
The method used in this paper can be also applied to general W-algebras, with some modifications. The corresponding results will appear in our forthcoming papers.
sl 2 -triple in the even part of g normalized as follows:
be the eigenspace decomposition of g with respect to ad x.
Let
Similarly set g e = j≥0 g e j = {u ∈ g | [e, u] = 0} and so on.
g j .
They are both nilpotent subalgebras of g. Similarly define g ≥0 , g <0 , g ≤−1 , and so on.
Define a characterχ of
Then, it defines a skew-supersymmetric even bilinear form .|. ne on g 1 2 by the formula
Note .|. ne is non-degenerate by the sl 2 -representation theory. We have
. (5) 2.5. Let h, x ∈ h, be a Cartan subalgebra of the even part of g 0 . Then, h is a Cartan subalgebra of the even part of g. Let ∆ j ⊂ h * be the set of roots in g j and let ∆ 0+ be a set of positive roots of ∆ 0 . Then, ∆ = ⊔ j∈ 1 2 Z ∆ j is the set of roots, ∆ + = ∆ 0+ ⊔ ∆ >0 is a set of positive roots of g, where ∆ >0 = ⊔ j>0 ∆ j . This gives the triangular decompositions
Here, n + = α∈∆+ g α , n 0,+ = α∈∆0,+ g α , and so on.
2.6. Let u → u t be an anti-automorphism of g such that e t = f , f t = e, x t = x, g t α = g −α (α ∈ ∆) and (u t |v t ) = (v|u) (u, v ∈ g). We fix root vectors u α ∈ g α , α ∈ ∆, such that (u α , u −α ) = 1 and u
2.7. For α ∈ ∆, let p(α) be its parity. The parity of v ∈ g is also denote by p(v).
Let g be the Kac-Moody affinization of g. It is the Lie superalgebra
with the commutation relations
Define subalgebras
Similarly define Lg ≥0 , Lg <0 , Lg ≤−1 , and so on.
2.10. Fix the triangular decomposition g = n − ⊕ h ⊕ n + in the standard way. Thus,
Let h * = h * ⊕ CΛ 0 ⊕ Cδ be the dual of h. Here, Λ 0 and δ are dual elements of K and D respectively.
Let ∆ be the set of roots of g, ∆ + the set of positive roots, and ∆ − = − ∆ + . Let Q be the root lattice and Q + = α∈ ∆+ Z ≥0 α ⊂ Q. We define a partial ordering
If all the weight spaces V λ are finite-dimensional, we set
2.12. For k ∈ C, let h * k denote the set of weights of level k:
Let O k be the full subcategory of the category of left g-modules consisting of objects
k , be the Verma module of highest weight λ. Thus, M (λ) = U ( g)⊗ U( h ⊕ n+) C λ , where C λ is the onedimensional h ⊕ n + -module on which n + acts trivially and h ∈ h acts as λ, h id. Let v λ be the highest weight vector of M (λ). Let L(λ) ∈ ObjO k be the unique simple quotient of M (λ).
The correspondence
2.14. Let O △ k be the full subcategory of O k consisting of objects V that admits a Verma flag, that is, a finite filtration is an image of some projective object. Indeed, as in the Lie algebra case, P ≤λ (µ) can be defined as an indecomposable direct summand of
ν , and C µ is a onedimensional h-module on which h ∈ h acts as µ(h) id. Note that P ≤λ (µ) ∈ ObjO △ k . Moreover, the BGG(Bernstein-Gelfand-Gelfand) reciprocity holds:
is a submodule of some injective object if its dual V * is finitely generated.
3. Kac-Roan-Wakimoto construction I: the BRST complex
Let ker χ ⊂ U (Lg ≥1 ) be the kernel of the algebra homomorphism χ :
and n ∈ Z. Then, the superalgebra N (χ) is generated by Φ α (n), α ∈ ∆ 1 2 , n ∈ Z, with the relations
The elements {Φ α (n)} are called the neutral free superfermions.
Let F
ne (χ) be the irreducible representations of N (χ) generated by a vector 1 χ such that
The space F ne (χ) is naturally a Lg >0 -module via the algebra homomorphism
There is a unique semisimple action of h on F ne (χ) such that
Note by this definition we have (18) see (16). 3.3. Let Cl(Lg >0 ) be the Clifford superalgebra, or the Charged free superfermions, associated to Lg >0 ⊕ (Lg >0 ) * and its natural bilinear from. The superalgebra
where the parity of ψ α (n) and ψ α (n) are reverse to u α .
3.4. Let F (Lg >0 ) be the irreducible representation of Cl(Lg >0 ) generated by the vector 1 such that
It is defined by
where
Then, we have
We now define
Remark 3.6.1. By the definition,
is the semi-infinite cohomology of the Lie superalgebra Lg >0 with coefficients in V .
Decompose d as
for all λ, see (18) . Therefore, by (22), it follows that
Remark 3.7.1. We have
where F ne (χ 0 ) is the Lg >0 -module associated to the trivial character χ 0 of Lg ≥1 similarly defined as F ne (χ).
Define
and set
Let t * be the dual of t. For λ ∈ h * , let ξ λ ∈ t * denote its restriction to t. Let
be the weight space decomposition with respect to the action of t ⊂ h. Here and throughout, M ξ = {m ∈ M | tm = ξ, t m (∀t ∈ t)} for a t-module M .
By (25), we see that
Hence the cohomology space H • (V ) decomposes as
Notice that the weight space C(V ) ξ , ξ ∈ t * , is not finite-dimensional in general for [ t, e(−1)] = 0. (2) is called minimal if
As shown in [14] , in this case one can choose a root system of g so that e = e θ and f = f θ , the roots vectors attached to θ and −θ, where θ is the corresponding highest root.
The condition (32) simplifies the theory in many ways. We assume that f = f θ and the condition (32) is satisfied until the next section. Also, we normalize ( | ) as (θ|θ) = 2.
We have:
by the sl 2 -representation theory. In particular,
and we have the exact sequence
Here, α 0 = δ − θ.
Let g =
η∈ t * ( g) η be the weight space decomposition with respect to the adjoint action of t. We have
(recall e = e θ and f = f θ ). Define
and define a partial ordering on t
Note that the map h * ∋ λ → ξ λ ∈ t * is a homomorphism of partially ordered sets, i.e, ξ µ ≤ ξ λ if µ ≤ λ.
We have:
Hence we have 
4.6. Let O(sl 2 ) be the BGG category of sl 2 = e, x, f , see (1) . That is, the full subcategory of the category of left sl 2 -modules consisting of modules V such that (1) V is finitely generated over sl 2 , (2) e acts locally nilpotently on V , (3) x acts semisimply on V and each weight space is finite-dimensional. LetM sl 2 (a) ∈ ObjO(sl 2 ) be the Verma module of highest weight a ∈ C, andL sl 2 (a) its unique simple quotient. Here, the highest weight is the largest eigenvalue of 2x. Let Cχ − be the one-dimensional Cf -module on which f acts as identity.
Proposition 4.6.1.
The case when a ∈ {0, 1, 2, . . . } follows from (1). OtherwiseL sl 2 (a) is finite-dimensional. Hence, f acts nilpotently onL sl 2 (a). But then, the corresponding Chevalley complex is acyclic, by the argument of [9, Theorem 2.3] . (3) The case when a ∈ {0, 1, 2, . . . } follows from (1). Otherwise we have the following exact sequence in O(sl 2 ):
Hence, (3) follows from (1) and (2) by considering the associated long exact sequence of the Lie algebra homology. (4) In view of [1, Theorem 8.2], the above result (3) says that H 1 (Cf, I⊗Cχ − ) = {0} for any injective object I in O(sl 2 ). For a given V ∈ ObjO(sl 2 ), let 0 → V → I → V /I → 0 be an exact sequence in O(sl 2 ) such that I is injective. Then the associated long exact sequence proves
4.7.
Proposition 4.7.1. For any λ ∈ h * we have
Proof. Observe that L(λ) ξ λ is isomorphic toL sl 2 ( λ, α ∨ 0 ) as a module over the subalgebra sl 2 generated by e(−1) and f (1).
* . Hence, Proposition follows from Lemma 4.5.1 and Proposition 4.6.1.
Consider the Lie algebra homology H
Proof.
(1) It is sufficient to show that H 1 (Ce(−1), V ξ ⊗C χ ) = {0} for all V ξ . Viewed as a module over sl 2 generated by e(−1) and f (1), each V ξ can be obtained as an injective limit of objects of O(sl 2 ). Since the homology functor commutes with injective limits, Proposition follows from Proposition 4.6.1 (4) . (2) The first statement is obvious by (43). Thus, we have only to show that
for each ξ. But it is easy to see that (45) holds for V = M (λ), λ ∈ h * , and hence for any highest weight module. But the above result (1) says that the correspondence V H 0 (Ce(−1), V ⊗C χ ) is exact. Therefore, one sees that (45) holds for any V , by considering a highest weight filtration of V . 4.9. We end this section with the following important proposition.
) is the subspace of F (L(g >0 )) spanned by the vectors
The corresponding the spectral sequence E r ⇒ H • (V ) is the (semi-infinite and Lie superalgebra analogue of) Hochschild-Serre spectral sequence for the ideal Ce(−1) ⊂ Lg >0 : By the definition,
) is nothing but the corresponding Chevalley complex. By Proposition 4.8.1 (1), we have
as t-modules for any p.
Next observe that
Hence, by (41), Proposition 4.8.1 (2) and (47), it follows that
as t-modules. Proposition is proved since our filtration is compatible with the action of t.
5.
Kac-Roan-Wakimoto construction II: the W-algebra construction of superconformal algebras
be the universal affine vertex algebra associated to g at the given level k ∈ C. Here, C k is the one-dimensional representation of g⊗C[t] ⊕ CK ⊕ CD on which g⊗C[t] ⊕ CD acts trivially and K acts as k id. Then, the space
has a natural vertex algebra structure, see [12] .
By the definition,
We have:
see [12] .
Define
Hence, W k (g, f ) has a vertex algebra structure. The vertex algebra W k (g, f ) is called the W-(super)algebra associated to the pair (g, f ) at level k. By the definition, the vertex algebra
Thus, we get the family of factors V H i (V ), depending on i ∈ Z, from O k to the category of
Remark 5.2.1. When g is a Lie algebra and f is a regular nilpotent element of g, W k (g, f ) = W k (g), the W-algebra defined by B. Feigin and E. Frenkel [6] .
5.3. The vertex algebra W k (g, f ) has a superconformal algebra structure provided that the level k is non-critical, i.e, k + h ∨ = 0, see [12] . Here h ∨ is the dual Coxeter number of g. Let L(z) = n∈Z L(n)z −n−2 be the corresponding Virasoro field. The explicit form of L(z) is given in [12] . When f = f θ , its central charge is given by
Then, S(z) is well-defined for any level k.
Remark 5.3.1. Let Ω be the universal Casimir operator ( [11] ) of g acting on V ∈ O k . Then,
Let
Let C k (g) be the subspace of C(V k (g)) spanned by the vectors
with
It was shown in [14] that C k (g) is a vertex subalgebra and a subcomplex of C(V k (g)), and that
as vertex algebras.
be the affine Lie superalgebra of g f with respect to the 2-cocycle ( , ) ♮ , defined by
Let V ♮ k (g f ) be the corresponding universal vertex affine algebra:
Then, the correspondence
In particular, we have an embedding of vertex algebras 
, and the associated graded vertex algebra gr
Remark 5.5.2. Actually stronger results was proved by V. Kac and M. Wakimoto [14] : it was shown that
. Their proof is based on the argument of [8] . Further, the explicit form of W k (g, f ) was obtained provided that f = f θ .
Let W
(v) (n) be the cocycle corresponding to v(n) ∈ g f via Theorem 5.5.1. Then,
In particular, we have
see [12] . Also, W (f ) (n) coincides with S(n − 1) up to nonzero multiplication.
The highest weight modules
We assume that f = f θ and the condition (32) is satisfied for the rest of the paper.
Let
Recall the W k (g, f )-module V is called a highest weight module with highest weight φ = (φ, s) ∈ h * W if there exists a non-zero vector v (called a highest weight vector) such that
A highest weight V with a highest vector v is called a Verma module if the map
is isomorphism of C-vector spaces. Let M(φ) denote the Verma module of highest weight φ ∈ h * W . Then, M(φ) has a unique simple quotient, and we shall denote it by L(φ). By the definition,
is the complete set of isomorphism classes of irreducible highest weight representations of W k (g, f ).
(cf. Remark 5.3.1). Here, ρ =ρ + h ∨ Λ 0 , andρ is the half of the difference of the sum of positive even roots and the sum of positive odd roots of g. Then, the correspondence h * k ∋ λ → φ λ ∈ h * W is a surjection. By [14, Theorem 6 .3], we have
for all λ ∈ h * . Note that, this in particular implies
) ξ λ is one-dimensional and spanned by its highest weight vector.
6.4. A consequence of (63) is the following theorem, which can be proved in the same manner as [1, Theorem 8.1].
In this section we compute H • (M (λ) * ), λ ∈ h * k , using a spectral sequence which we shall define in Subsection 7.11. Basically, it is the Hochschild-Serre spectral sequence for the subalgebra Ce(−1) ⊕ g >0 ⊗C[t] ⊂ Lg >0 . 7.1. Just as in (14) , let
where ker χ − ⊂ U (Lg ≤−1 ) is the kernel of the character χ − defined by
7.2. Let F ne (χ − ) be the irreducible representation of N (χ − ) generated by a vector 1 χ− such that Φ −α (n)1 χ− = 0 for α ∈ ∆ 1 2 and n ≥ 1. As before, we define a semisimple action of h on
7.3. There exists a unique bilinear form
, m ∈ Z). It is easy to see that this form is non-degenerate. Indeed, its restriction on F ne (χ) ξ × F ne (χ − ) ξ , ξ ∈ t * , is non-degenerate. Hence,
since each space F ne (χ − ) ξ , ξ ∈ t * , decomposes into a finite sum of finite-dimensional weight spaces F ne (χ − ) λ .
7.4. Let Cl(Lg <0 ) be the Clifford superalgebra associated to Lg <0 ⊕ (Lg <0 ) * and its natural bilinear form. It is generated by the elements
Here, the parity of ψ −α (n) and ψ −α (n) are reverse to u −α . We have an anti-algebra isomorphism
7.5. Let F (Lg <0 ) be the irreducible representation of Cl(Lg <0 ) generated by the
, n ≥ 0). As before, we have a natural action of h on F (Lg <0 ).
There exists a unique bilinear form
which is non-degenerate on
Then, C − (V ) = λ∈ h * C − (V ) λ with respect to the diagonal action of h. By (68) and (69), we have
as C-vector spaces. Here, * is defined by (11) . Under the identification (71), we have
and
7.7. The space C − (V k (g)) has a natural vertex algebra structure. The corre-
where U(C(V k (g))) and U(C − (V k (g))) are universal enveloping algebras of C(V k (g)) and C − (V k (g)) in the sense of [10] respectively. We have:
This induces an anti-algebra homomorphism
7.10. Consider the weight space decomposition C − (λ) = ξ∈ t * C − (λ) ξ with respect to the action of t. By Proposition 7.8.1, we have
be the corresponding spectral sequence. Since our filtration is compatible with the action of t, it is a direct sum of t-weight spaces:
Below we compute this spectral sequence. Our goal is Theorem 7.17.1.
By the definition,
where gr
7.13. Consider the subcomplex gr
Thus, gr G C − (λ) has a C −,k (g)-module structure. We now describe this structure more precisely. Define
Let |λ be the image of |λ − in C − (λ). Then, Under the identification (85), the action of d − on C − (λ) is now described as follows:
for b ∈ U(C −,k (g)), v ∈ gr G C − (λ) ξ λ . Hence, we get the following lemma. 
by (81) inductively for all r ≥ 1. Therefore, we get 
